It is by now well-recognised that the naïve application of the projection postulate on composite quantum systems can induce signalling between their constituent components, indicative of a breakdown of causality in a relativistic spacetime context. Here we introduce a necessary and sufficient condition for a measurement of an observable on a composite system to be non-signalling. As well as being particularly simple, it generalises previous no-signalling conditions in that it allows for degeneracies and can be applied to all bounded self-adjoint operators. The condition is used to establish that arbitrary sums of local observables will not signal, in accordance with our expectations from relativistic quantum field theory. On the other hand, it is shown that the measurement of the tensor product of commuting local observables, for example bipartite operators of the form A ⊗ B, will in fact signal, contrary to the widely-held belief that such measurements are always locally realisable. The implications for the notion of measurement in relativistic quantum field theory are addressed; it appears that the most straightforward application of the standard quantum formalism generically leads to violations of causality. We conclude that either the class of observables that can be measured should be severely restricted and/or that the naïve translation of the measurement framework of quantum theory, in particular the projection postulate, to quantum field theory must be re-evaluated.
Introduction.-The violation of the Bell inequality by entangled quantum states [1] rules out [2] local hidden variable models [3] . In this sense quantum theory is non-local. However, as is well-known, entanglement does not allow for instantaneous signalling; Beolagh's (receiver) marginal probabilities are independent of Aoife's (sender) measurement choices. Einstein's "spooky action at a distance" characterisation notwithstanding, entanglement and causality are happy bedfellows. Yet, as has been long-recognised [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] , the tension between quantum theory and causality persists for more elementary reasons. The conventional account of ideal measurement leads to superluminal signalling when straightforwardly applied, in the sense precisely captured in [10] , to observables in spacetime [10] [11] [12] [13] . There are numerous examples of signalling in both quantum theory and relativistic quantum field theory (QFT) including, incomplete Bell basis measurements [10, 11] , one-particle wavepacket states [10, 13] , Unruh-DeWitt detectors with nonlocal field couplings [13] and Wilson-loops in non-Abelian gauge theories [17] . One way to interpret this situation is that there must be causal constraints on what observables may be ideally measured [11, 12] . In particular, in [12] they consider bipartite systems with tensor product Hilbert spaces and give a comprehensive causal characterisation of quantum channels, which includes ideal measurement as a special case, separating quantum operators into those that are (semi)localisable, (semi)causal, and signalling.
The proper setting for studying causal constraints on measurements is QFT, where causality is encoded through the (anti)commutation of field operators at spacelike separated points. This ensures, for example, that correlation functions will always respect causality. It does not, however, protect us against signalling through the naïve application of the projection postulate [10] . QFT is our very best framework for making predictions for the probabilities of the outcomes of measurements and there are certainly observables we can measure, scattering amplitudes being the prime example. In this case however, the asymptotic nature of the S-matrix washes away all causal considerations.
Here we revisit the conditions under which an ideal measurement will not signal. We begin by articulating an expression of the projection postulate robust enough to accommodate all observables, i.e. arbitrary self-adjoint operators. This relies on the notion of a measurement resolution B, a set of disjoint Borel subsets covering the real line. Physically, it can be interpreted as the ability for the measurement apparatus to distinguish the possible outcomes for a given observable. Then, a general criterion for no-signalling is derived and applied to two simple cases. First, it is used to rederive the result [13] that sums of local compact self-adjoint operators cannot signal. Second, it is used to show that the tensor product of local compact self-adjoint operators can indeed signal, and we give a simple two-qubit example using a separable state. This somewhat surprising result contradicts the claim that such observables are locally realisable and hence causal [12] . Indeed, such observables are routinely used in various quantum information theoretic contexts. Finally, the possible implications of these results are considered in the context of QFT.
The setup.-Consider the usual textbook notion of an ideal measurement of an observable: (i) the measurement outcomes are the eigenvalues of the self-adjoint operator corresponding to the observable; (ii) the probability of a specific outcome is given by the Born rule; (iii) Typeset by REVT E X arXiv:1912.06141v1 [quant-ph] 12 Dec 2019 the post-measurement state of the system is given by the projection postulate.
Let us consider (i)-(iii) more carefully. Take some quantum system with Hilbert space H. We denote the algebra of self-adjoint operators on H by A. A compact self-adjoint operator O has a discrete spectrum of eigenvalues and may be written as O = n λ n E n , where λ n are the distinct eigenvalues and E n are the associated (not necessarily rank-1) projectors onto the corresponding eigenspaces, which resolve the identity.
Following a measurement of O, yielding outcome λ n on an initial state ρ, the corresponding post-measurement density matrix, ρ n , is given by the projection postulate: ρ → ρ n = 1 pn E n ρE n , where p n = tr(ρE n ) is the probability of observing λ n . Conditioned on the outcome λ n , ρ n is used to calculate probabilities of any subsequent measurement. Not conditioning on any particular outcome of the initial measurement one must consider the distribution over all possible post-measurement states, ρ n , weighted by their respective probabilities p n :
This is the projection postulate for a non-selective measurement [6] . The preceding account relies on the existence of a discrete spectrum. Nevertheless, for an arbitrary selfadjoint operator O the spectral theorem states
where E(·) is the projection-valued measure for O. That is, E(·) maps Borel subsets B ⊆ R to projectors on H [18] . This allows the projection postulate to be articulated for arbitrary self-adjoint operators. Consider a set of mutually disjoint Borel sets B = {B n } n∈I (where I is some countable indexing set) that covers R. For example, B = {[n, n + 1)} n∈Z . Physically, each B n corresponds to a possible bin that the measurement outcome can fall into, and in this way B specifies the resolution of the measurement apparatus. The corresponding projectors E n := E(B n ) resolve the identity n∈I E n = 1 H . Following a non-selective measurement of O, with resolution B, the projection postulate is given by
where we have defined the trace-preserving map E O,B : A → A. The conditions tr(ρ) = 1 and tr(ρA † A) ≥ 0 for any A ∈ A are preserved by E O,B , so that ρ is a valid state.
Signalling.-Let us now consider the straightforward application of ideal measurement to sequences of observables in a spacetime M, following the framework introduced in [10] . Recall, to each region of spacetime, R ⊂ M, there is a subalgebra of operators A(R) ⊆ A, such that [A(R), A(R )] = 0 for R and R mutually spacelike [19] . We consider three parties in three regions, Aoife in R 1 , Beolagh in R 3 , and Caoimhe in R 2 , who each have access to a shared quantum system. The regions are such that every point in R 1 is spacelike to every point in R 3 , while there are some points of R 2 that are to the future (past) of some points in R 1 (R 3 ) (see figure 1 ). We implicitly assume that there are many independent duplicates of the quantum system, such that each party can make multiple simultaneous measurements to build up statistics. The signalling protocol, as seen from the lab frame, is as follows. The initial state of the shared quantum system is ρ 0 . First, Aoife applies a local uni-
Since there is no communication between Caoimhe and the other parties, ρ γ → ρ γ = E O2,B (ρ γ ). Finally, Beolagh measures the expectation value,
. Caoimhe does not need to communicate the results of her measurement to Aoife and Beolagh; they need only know that Caoimhe will perform her measurement in order to signal one-another. This signal will take the form of a dependence of the expected value of Beolagh's measurements on Aoife's strictly local actions. That is, O 3 is a function of γ. Since Aoife's actions are spacelike to Beolagh's measurement, such a dependence constitutes a superluminal signal. We are using spacetime causality here to separate Aoife and Beolagh as ultimately we have in mind measurements in QFT. However, we shall address operators in non-relativistic quantum theory and one could simply consider them as isolated laboratories -Aoife and Beolagh only have access to their respective factors of the Hilbert space -imposing that there be no signalling in the usual sense that Aoife's local actions cannot affect Beolagh's statistics.
For any given O 2 and measurement resolution B one must check whether there is some initial state ρ 0 and observables O 1 , O 3 for which there is a signal. One could argue that only the operators O 2 and resolutions B that do not signal can be measured in reality. Alternatively, it could be taken as motivation to reassess the notion of measurement in a relativistic context. Either way, it would be helpful to have a clear no-signalling condition: 
where (4) 
For Caoimhe's measurement, we first we consider sums of local operators
for some compact self-adjoint operators C i , i = A, B, on their respective Hilbert spaces H i . As we shall demonstrate, such operators cannot signal since the conditions of Claim 1 are met for all C i . First, we diagonalise C i and write it as
where the distinct eigenvalues µ (n) i are ordered in decreasing magnitude, and E (n) i are the corresponding projectors (not necessarily rank-1). If C i has a kernel, we denote the corresponding projector as E 
Since O 2 is also compact and self-adjoint, we can write it similarly as
where, in general, a given projector P (a) will be a sum of terms of the form E (n)
. For every choice of n and n , E (n)
will appear in one and only one P (a) and, more importantly, P (a) cannot contain two (or more) terms that share a factor E (n)
, in contradiction with our initial setup with distinct µ (n) i . Given the above conditions on the form of the projectors P (a) , one can show that
where we have omitted the resolution B as O 2 is compact self-adjoint, and we assume our measurement apparatus perfectly resolves the eigenvalues. Finally, given
, O 1 ] = 0, and hence there can be no signal. This agrees with the expectation that smearings of local field operators φ(x) over (subsets of) spacelike hypersurfaces, will not signal [13] . It does not however address the physically relevant case (in that the operators are well-defined) of smearing over spacetime subregions of M, as we shall discuss in our concluding remarks.
Let us now turn to an example that does signal: O 2 = C A ⊗C B . This contradicts the standard expectation that measurements of operators of the form A ⊗ B are locally realisable [12] . Using the decompositions in (6) we can
For any a > 0 we have the same conditions on the projectors P (a) that we had in the previous example. However, if C i have non-trivial kernels, then there is an important difference:
B project a state into the kernel of O 2 , and hence P (0) is given by
where
and, hence,
If C A has a kernel projector, E
A , which does not commute with O A , and if the non-selective map E C B has a non-trivial action on O B [21] , then there will be a signal. Note, the above formulas can be applied to the case where C i has no kernel by multiplying every E 
Aoife kicks ρ 0 with the operator U γ = e iγO1 , where O 1 = σ x ⊗ 1 [22] . Next, Caoimhe measures O 2 = |1 1| ⊗ σ z , which has the kernel projector P (0) = |0 0| ⊗ 1, and two other projectors P (1) = |1 1| ⊗ |0 0| and P (2) = |1 1| ⊗ |1 1| corresponding to the eigenvalues +1 and −1 respectively. Note, Caoimhe's measurement is rather pedestrian; similar operators are routinely considered in violations of Bell-type inequalities, such as [23] . Finally, Beolagh measures the expectation value of O 3 = 1 ⊗ σ x . One can verify that
Since the expectation value depends on γ, Aoife can signal to Beolagh. To gain some intuition for why the separable operator O 2 on a separable state enables a signal, we can decompose the measurement of O 2 into two stages: i) Caoimhe first measures the z-spin on qubit A. ii) If the spin on qubit A is down, then Caoimhe does nothing on qubit B. If the spin on A is up, then Caoimhe measures the z-spin on qubit B. One can verify that this amounts to the map E O2 (·). In this two stage process a signal needs to propagate from qubit A to B, as Caoimhe's operation on qubit B is conditioned on the result on qubit A.
Conclusions.-The appropriate context for quantum causal considerations is relativistic QFT, which elegantly captures the notions of locality and causality in its very foundations [24] . This is not in dispute. What the present and previous related [10] [11] [12] [13] results imply is that the most general, a priori logically consistent, application of the quantum measurement framework to observables in spacetime, as given in [10] , is problematic, whether it be in QFT or otherwise.
There are a variety of attitudes one could take. First would be to place causal constraints on the class of observables that may be measured [11, 12] . In this case, as well as various non-separable observables [10] [11] [12] [13] , we have lost (a subset of) observables of the form A ⊗ B, with the obvious generalisation to multipartite systems. Local sums, A ⊗ 1 + 1 ⊗ B, are causality respecting, at least for compact A and B. This supports the expectation that local field operators smeared over spacelike hypersurfaces will not signal. However, the objects of algebraic QFT are bounded operators in open subsets of spacetime, which may signal yet in an interacting theory. Consider a scalar field φ(x) smeared against a test function with bounded spacetime support in some region R. This operator can be mapped back to an operator, O, on the intersection of any spacelike hypersurface and the causal past of R. In a free theory, φ(x) at x can be written as a linear sum of field operators on the intersection of any spacelike hypersurface and the causal past of x. By linearity, O is also a linear sum of field operators and, naïvely, we should not expect any signalling. However, in an interacting theory this fails, O will not generically be a linear sum of field operators and, in light of our second example, this is suggestive of signalling. Establishing this possibility is a technically challenging question and will be treated elsewhere [25] , where partial, albeit convincing, evidence for signalling is presented. Since the projection postulate and no-signalling criterion can be applied to the operators of type III von Neumann algebras, this impinges on the question of measurement in algebraic QFT.
This motivates the second possibility: to reassess the applicability of the standard measurement prescription to QFT, or at least how to apply the projection postulate. The best known proposal, that the projection takes place on the past lightcone of the measurement region [6] , certainly does not address the issue of signalling. Restricting the use of the projection postulate to measurement regions that are totally timelike related rules out signalling by fiat [10] , but then one is still compelled to give an account of what happens for sets of measurements not meeting this condition. This is highly non-trivial, although there are causal QFT measurement models in the spirit of von Neumann [26] [27] [28] . Alternatively, one could interpret signalling as a causal constraint on the measurement resolution achievable within a given spacetime region. For any operator O 2 one can always coarse-grain the measurement resolution B such that the signal is killed. For example, if the measurement apparatus for our two-qubit example, where O 2 = |1 1| ⊗ σ z , is not able to distinguish the ±1 eigenvalues, signalling is not possible. In this case, Caiomhe's two stage process reduces to a single measurement of the z-spin of qubit A, which means that no signal needs to propagate from A to B. This may be indicative of a more general result that signal-enabling measurements can be thought of as causally connected sequences of local measurements.
The final possibility is to couch the foundations of QFT and measurement entirely within the manifestly relativistic framework of the sum-over-histories approach pioneered by Dirac and Feynman, forgoing the complementary picture of Hilbert space, operators and transformation theory. This perspective has been advocated for a priori independent reasons, that nonetheless are ultimately related to the issue of signalling [29] [30] [31] [32] [33] .
